We demonstrate experimentally and theoretically a controllable way of shifting the frequency of an optical pulse by using a combination of spectral hole burning, slow light effect, and linear Stark effect in a rare-earth-ion doped crystal. We claim that the solid angle of acceptance of a frequency shift structure can be close to 2π, which means that the frequency shifter could work not only for optical pulses propagating in a specific spatial mode but also for randomly scattered light. As the frequency shift is controlled solely by an external electric field, it works also for weak coherent light fields, and can e.g. be used as a frequency shifter for quantum memory devices in quantum communication.
I. INTRODUCTION
Changing the passband of a filter changes its frequency response, that is, it changes which frequency components from a signal that passes through the filter. Here we demonstrate that it is possible to change the frequency of an optical signal when the passband of a filter is dynamically changed while light propagates through it.
Manipulation of the frequency of light during propagation was first proposed and experimentally demonstrated by dynamically changing the refractive index of the medium for a light pulse propagating inside a photonic crystal cavity [1] [2] [3] . Later it was realized in a photonic crystal waveguide by the aid of slow light effects [4, 5] . The physical mechanism behind those frequency conversion processes can be seen as the adiabatic tuning of an oscillator, which is basically analogous to the classical phenomenon of sliding a finger along a guitar string after it has been plucked or tuning a cavity by moving the end mirror of the cavity. The refractive index changes were achieved at the presence of another strong optical field, and the relative frequency shift were proportional to the relative refractive index change, ∆ν/ν =∆n/n. However, in the present work a different physical mechanism for a frequency shift is demonstrated.
Previously a spectral filter prepared in a rare-earth-ion doped crystal with on/off ratio of about ∼60 dB has been experimentally demonstrated [6] . This work showed that the passband of the filter can be dynamically changed by combining spectral hole burning with a linear Stark effect [6] . A filter prepared in such a crystal by spectral hole burning induces sharp dispersion across the spectral hole, hence the group velocity of an optical pulse propagating inside the crystal will be greatly slowed down and the pulse will be compressed spatially [7] [8] [9] [10] . Further study reveals that in contrast to the structural slow light effect [4, 5, 11, 12] , the slow light effect caused by spectral engineering of the absorption profile originates from the reversible energy storage between the light and the absorbing ions in the medium via off -resonant interaction [13] [14] [15] [16] [17] . The energy of the input pulse is distributed * Electronic address: qian.li@fysik.lth.se between the polarization of the ions, U med , and the electromagnetic field, U em in the material, and the group velocity of the pulse , v g , can be written as [15, 17] v g = c/n 1 + U med /U em (1) where n is the refractive index of the medium and c is the speed of light in vacuum. Therefore, the group velocity of the pulse decreases with the increase of the fraction of energy accumulated in the medium. In the case of extreme slow light effects, almost all energy will be temporarily stored in the medium in the form of ion polarization. The ions will de-polarize and the energy will be returned back to light field when the pulse exits the material. Hence, by manipulating the resonance frequency of the ions (using the linear Stark effect, for example) during the light propagation inside the crystal the frequency of the optical pulse exiting the crystal can be changed. To verify this concept, a ∼1 MHz band-pass filter where all the ions in the surrounding 18 MHz region have the same sign of the Stark effect (which is called frequency shifter or frequency shift filter) is prepared in a 10 mm long Pr 3+ :Y 2 SiO 5 crystal as shown in Fig. 1 . A 1 µs long pulse with a frequency distribution matching the passband of the filter is sent into the crystal. It propagates with a reduced speed of c/120000 and is spatially compressed to 2.5 mm inside the crystal. According to equation (1), more than 99.9% of the pulse energy is in the form of ion polarization when the light pulse propagates inside the crystal [15] . An external electric field is switched on while the entire pulse is inside the crystal, shifting the resonance frequency of the ions by an amount of ∆s and the pulse exiting the crystal will then also have its frequency shifted by ∆s. The frequency shift is linearly proportional to the electric field applied. Since the pulse is propagating inside the transmission window of the filter, the loss can be kept very low. Furthermore, by using two crystals oriented 90
• relative to each other [18] and preparing the spectral structure throughout the entire crystals, the filter could work for any spatial input mode, including scattered, randomly polarized light [9] . The solid acceptance angle of such a frequency shift filter could basically be 2π, as described later.
Another interesting feature of the present frequency shift control is that there is no strong optical field in-volved during the frequency shift process as compared to the methods mentioned above [2] [3] [4] [5] . The frequency shift is purely controlled by an external electric field applied onto the crystal, which means that it is suitable for being integrated into strongly background sensitive single photon applications. Therefore it can be used as a highly efficient frequency shifter in quantum communication, for example for quantum memories, if the incoming photon does not match the frequency of the quantum memory device.
II. EXPERIMENT
The experiment was performed in a 10 mm × 10 mm × 6 mm (crystal axes D1 × D2 × b) Pr 3+ :Y 2 SiO 5 crystal with 0.05% doping concentration and the frequency shift filter structure was prepared using 3 H 4 − 1 D 2 transition at 2 K. This transition has an inhomogeneous linewidth of ∼5 GHz centered at 605.977 nm [19, 20] .The lifetime of the spectral hole (filter) is about 100 seconds and can be extended to ∼30 minutes at the presence of a weak magnetic field (0.01 T) [21] . The experimental setup is shown in Fig. 2 (a) . A laser beam with wavelength of 605.977 nm (0 MHz in the following description) from a stabilized Coherent 699-21 ring dye laser polarized along the D2 axis of the crystal was split into two parts by a 90/10 beam splitter, where the stronger beam was focused onto the crystal for all the preparation and characterization of the filter and the weaker one was further split in two. One beam was sent to a photo detector (P D1) as a reference to calibrate the intensity fluctuations of the laser and the other one was used as a local oscillator for the heterodyne detection measurement. The light beams passing through the crystal and the local oscillator were overlapped on a beam splitter and sent through an optical fiber, and detected by a photo detector (P D2).
For Pr 3+ , the permanent electric dipole moment of the ground state is different from that of the excited state. Therefore applying an external electric field, E, will Stark shift the resonant frequency of the ions, compare e.g. [22] , from ν 0 to ν = ν 0 + ∆s, where
where E is the applied electric field, µ g and µ e are the electric dipole moments for ground state and excited state respectively, and δµ is the difference between the excited and ground state dipole moments. There are four possible δµ orientations for Pr 3+ as shown in Fig. 2 (b) , all four orientations of δµ have an angle of θ = 12.4
• relative to the b axis of the crystal, and the magnitude of δµ/ is 111.6 kHz/(V cm −1 ) [22] . The E field is applied along the b axis and because of the symmetry of δµ and E field, there will be two effective Stark coefficients for Pr 3+ , with the same amplitude but opposite signs. When an external voltage is applied across the crystal, half of the ions, those with positive Stark coefficient, will shift to higher frequencies while the rest will shift to lower frequencies. Optical pumping together with electric field induced Stark shift were used to prepare the filter structure. In the end a ∼1 MHz band-pass filter surrounded only by ions with positive sign of the Start coefficient was prepared over an 18 MHz region in the center of the inhomogeneous profile. A sketch of the final filter structure can be found in Fig. 1 . More information about how this structure was created can be found in the Supplementary Material.
III. SIMULATION
A modified version of the Maxwell-Bloch (MB) equations for a 2-level system [23] [24] [25] is used to include a Stark shift where the resonance frequency of 50% of the ions are shifted to higher frequencies while the rest of the ions are shifted an equal amount to lower frequencies when an electric field is applied. A simple and efficient way to simulate this effect is to introduce two Bloch vectors (denotedr A andr B ), for the two different ion groups with opposite signs of their Stark coefficient, at each frequency and position, instead of the traditional single Bloch vector. At a particular time, τ 0 , the resonance frequency for r A andr B is shifted by +∆ s and −∆ s respectively. The modified MB equations are then expressed as:
x d∆ (10)
are the spectral profiles (including the transmission windows) forr A andr B respectively. Ω r and Ω i are the real and imaginary Rabi frequencies, ∆ is the detuning, τ is retarded time, z is the position in the one-dimensional crystal, α 0 is the absorption coefficient, T 1 and T 2 are the decay constants for the life time and coherence of the excited state respectively, and Θ is the Heaviside step function which is used to describe the shift in frequency when the electric field is turned on at time τ 0 . Any function properly describing the frequency shift of the ions due to the change of the electric field could be used instead of the Heaviside function.
IV. RESULTS AND DISCUSSION
After the structure preparation, a frequency chirped pulse with a chirp rate of 1 kHz/µs was sent into the crystal to map out the structure of the frequency shift filter. The intensity of this pulse was reduced until optical repumping of the ions was too small to affect the spectral structure. The black trace in Fig. 3 (a) shows the initially created filter structure. Since the ions around the filter all have a positive sign of the Stark coefficient, the passband of the filter will shift to higher frequencies when a positive external voltage is applied and vice versa as can be seen in Fig. 3 (a) . The filter becomes narrower when higher voltages are applied onto the crystal, especially on the frequency side further away from zero frequency. There could be three possible reasons for this. One is the inhomogeneity of the electric field (Supplementary Material) along the pulse propagation direction, which causes the frequency shift of the ions to be slightly different. While most of the ions shift the same amount in frequency, some ions shift less. Another reason is that the ions with the opposite signs of the Stark coefficient moves closer to the filter as higher voltages are applied and since the ions have a Lorentzian absorption profile, there will be some absorption caused by these ions. Both of these two effects will make the filter narrower with higher electric field and have larger effect on the frequency edge that is further away from the zero frequency. The third possible reason is that the E field applied is not exactly along the b axis of the crystal, so that the projection of δµ of the selected ion onto the E field is not the same anymore. Therefore, when a certain E field is applied, half of the ions will be shifted more than the rest of the ions. Since this misalignment has the same effect on both side of the hole structure, it seems unlikely to be the main reason here. Having the frequency shift filter prepared, a 1 µs long Gaussian pulse with center frequency at 0 MHz was sent into the crystal. Due to the off-resonant interaction between the optical pulse and the absorbing ions outside the filter, the group velocity of the probe pulse is slowed down to about 2500 m/s and it takes about 4 µs for the pulse to pass through the crystal. According to equation (1), with this group velocity, more than 99.9% of the pulse energy is stored in the form of ion polarization when the pulse is inside the crystal. An external voltage is applied to shift the resonance frequency of the ions and the frequency of the transmitted pulse will shift as a consequence. Heterodyne detection was used to measure the frequency of the transmitted pulse. The solid curves in Fig. 3 (b) shows the frequency distribution of the transmitted pulses for different voltages measured experimentally, while the dashed curves are from the theoretical simulation for the same process. The black trace is for the case where no external voltage is applied, hence no shift is observed. A Stark coefficient of 116.7 kHz/V/cm is used in the simulation, which fits well with the literature value reported before [22, 26] . Since the frequency shift of the pulse originates from the frequency shift of the ions as the energy of the pulse is stored in the ions during the propagation inside the crystal, it is quite intuitive that the frequency shift of the pulse goes together with the frequency shift of the filter.
To illustrate the frequency shift process inside the crystal, the energy distribution just before and after the frequency shift is shown in Fig. 4 , where the dark red color represents most of energy is stored while the dark blue represents no energy is stored at that frequency and position (a full video of the energy flow in the crystal during the pulse propagation can be found in the ancillary files to this article). The energy distribution is calculated by multiplying the number of ions at a specific frequency and position by the probability of them being excited and is represented by different color. It can be seen from Fig. 4 (a) , the empty ∼1 MHz channel around 0 MHz is the transmission window originally created, and even though the input pulse itself only contains energy within the ∼1 MHz passband, the energy of the pulse is stored in the ions outside the passband. After applying an electric field, all the ions are shifted 3.8 MHz as shown in Fig. 4 (b), which will give a light pulse at a new frequency in the end.
FIG. 4:
The energy distribution in the ions just before (a) and after (b) applying electric field. The energy of the pulse is stored in the ions outside the ∼1 MHz transmission window, and the frequency shift of the ions will shift the light frequency.
To further study the frequency shift process experimentally, an external electric field was applied when half of the optical pulse had exited the crystal while the other half is still inside. As can be seen from the beating pattern in Fig. 5 (a) , the phase evolution of the beating pattern changes as the electric field is switched on, the first and second half of beating pattern have different frequencies, which shows that there is a frequency shift of the transmitted pulse after the electric field is switched on. The instant frequency of the transmitted pulse is calculated as described in [27, 28] and plotted together with the applied voltage as shown in Fig. 5 (b) . The frequency shift follows the voltage applied and the switch on time of the frequency shift filter is about 200 ns, limited by the rise time of the external voltage. It can be confirmed from the red trace of Fig. 6 that the frequency shift of the transmitted pulse is proportional to the external voltage applied and can be well controlled electrically. Finally, we study the efficiency of the frequency shift process. The relative efficiency, i.e. η rel =
Energy(V )
Energy(V =0) , where Energy(V ) is the energy of the transmitted pulse for a specific voltage (electric field). To this end, the transmitted, frequency shifted pulse from the filter was averaged 50 times and measured directly by P D2, the local oscillator beam was blocked (see Fig. 2 ). The relative efficiency was calculated by comparing the pulse area of the averaged transmitted pulse at different voltages with the case where no voltage is applied. The result is shown as the blue trace in Fig. 6 . For a frequency shift of less than ±3 MHz (applied voltage ±17 V) the relative efficiency is above 90%. The larger the frequency shift, the lower the efficiency. This can be explained by the narrowing of the filter structure after applying the electric field as shwon in Fig. 3 . The narrowing after the frequency shift induces absorption for the outer frequency components of the light and causes the decrease in efficiency. If we assume that the main loss inside the 1 MHz filter comes from the off-resonance excitation of the ions outside the hole and that the optical depth outside the hole is 20 for this case (estimated from [20, 29, 30] ), then the fundamental limit on how much absorption remains in the middle of a 1 MHz inverse top hat distribution of Pr 3+ ions, which have a homogeneous linewidth of 1 kHz, can be calculated to be ∼2%. However, such low loss has not been experimentally demonstrated for some similar case [6] .
Currently the frequency shift is about ±4 MHz in this experiment and is limited by our choice of hole burning technique and the existence of the two groups of Pr
3+
with different signs of their Stark coefficient. If shifted further, there will be absorption from ions with opposite signs of their Stark shift. Nevertheless, one can go beyond this limit. For example, by preparing another spectral hole at twice the desired frequency shift, the frequency shift can be extended to hundreds of MHz. As shown in Fig. 7 (a) , besides the frequency shift filter prepared at zero frequency, another wide hole is created at 200 MHz. Applying an E field can shift the red ions −100 MHz while shifting the blue ions +100 MHz. In the end, the frequency shift filter at 0 MHz and the spectral hole at 200 MHz will overlap at 100 MHz as shown in Fig. 7 (b) . Therefore, the optical pulse propagating inside the crystal can be shifted from 0 MHz to 100 MHz in this way. We propose that the loss during the frequency shift process can be estimated as follows. Looking at Fig.  7 (a) , the "blue" ions which are polarized by the input pulse will need to shift towards higher frequency until they meet the spectral hole from the "red" ions at the 100 MHz position (Fig. 7 (b) ). During the shift from zero to 100 MHz before they reach the red spectral hole, the pulse in the blue transmission window can be absorbed by the "red" ions between 10 MHz and 90 MHz (Fig. 7   (a) and (b) ). The losses, during this process will be,
where L = v g · T is the distance in the crystal that the pulse propagates during the electric field switching time, T .
is the group velocity, Γ is the width of the filter transmission window, and α/2 is the absorption coefficient of half of the ions. In equation (11) α/2 is the "red" ion absorption while in equation (12) α/2 is the "blue" ion absorption. Inserting equation (12) in equation (11), we get,
The loss is only affected by the width of the filter and the switch on time of the voltage. For Γ = 1 MHz, a loss about 3% per 5 ns switching time would be achieved. So the loss can be kept low if the field switch on is fast enough. This way the frequency shift is only limited by the frequency range of the laser used for the structure creation. Moreover, one can extend the frequency shift range still further by applying a large E field to completely separate the ions with opposite sign of their Stark coefficients. In this way, the absorption from the other group of ions can be completely eliminated, and will no longer affect the efficiency for the frequency shift process. For instance, for a 20 µm thick waveguide made out of Pr 3+ :Y 2 SiO 5 , a static field of 100 V will be sufficient to separate the absorbing Pr 3+ with different signs of Stark coefficient 10 GHz apart (the inhomogeneous linewidth is about 5 GHz), as shown in Fig. 7 (c) . Then by doing the straightforward hole burning in one group of ions together with the Stark effect, frequency shifts up to a couple of hundred GHz can be achieved, see Fig. 7 (d) . In this case the frequency shift can reach hundreds of gigahertz and is only limited by the breakdown voltage of the crystal (∼MV/cm). Note that, here the homogeneity of the E field along the light propagation direction has to be good enough to not smear out the hole structure.
A band-pass filter can be prepared throughout the entire crystal if the preparation beam covers or scans the whole crystal [9] . It has been shown that, a filter prepared in this way will work for light entering the crystal from multiple directions. The light will be transmitted and delayed if its frequency is within the passband, and strongly attenuated otherwise [9] . By using special anti-reflection coating techniques, the input light can be coupled into the crystal very effectively even with a high incidence angle [31, 32] . Once inside the crystal, the light will be guided to the exit facet via total internal reflection (the refractive index for the crystal is n ≈ 1.8). Therefore the solid angle of acceptance of such a filter could be close to 2π. In the present demonstration, the input light is polarized along the D2 axis of the crystal since this is the axis with maximum slow light effect (energy storage). For light entering the crystal polarized perpendicular to the D2 axis the slow light effect would be so small that the light just passes through before there is time to change the electric field and the frequency shift can not be achieved. This polarization restriction can be eliminated by adding an identical crystal right after the present one rotated around the light propagation axis (D1) by 90
• relative to the first one [18] . A frequency shift filter made out of two identical crystals and the same spectral structure prepared in the entirety of both crystals should be able to shift the frequency of light in any spatial mode and any polarization, including randomly scattered light.
V. CONCLUSION
In conclusion, we demonstrate a voltage (electric field) controlled optical frequency shift device capable of shifting the frequency of a light pulse by ∼1 MHz/(V/mm). The device is based on creating a narrow semi-permanent transmission window in frequency in a rare-earth-ion doped crystal absorption line using optical pumping. This causes strong slow light effects (group velocities of a few thousand m/s) for light propagating in this transmission window. At these slow group velocities the energy of an propagating optical pulse is mainly stored as optical polarization of the ions in the material. By Stark shifting these ions, the frequency of the light pulse is shifted. The demonstrated frequency shifting range is ±4 MHz and the fractional pulse energy loss when applying the frequency shift is in the a few to ten percent range. It is proposed how the frequency range of these shifts could be extended to be limited only by the breakdown voltage of the crystal (∼1 MV/cm) yielding a frequency shift limit of around 100 GHz. Based on related work [9, 18] , it is argued that these frequency shifters should have a solid acceptance angle close to 2π and thus could be used also for scattered light. As the frequency shift is controlled solely by an external electric field and does not involve any additional optical pulses, these frequency shifters can be especially suitable in weak light situation, for example, to match the frequency of weak coherent light to a particular quantum memory frequency. Additionally, it has a potential to be integrated with other devices, which could open up on-chip applications. • away from b axis (Fig. 2 (b) in the main text) . For an electric field applied along the b axis, this yields two overall Stark coefficients, with the same magnitude but opposite sign. To make the frequency shifter structure Fig. 1 in the main text, the ions with different signs of their Stark coefficient have to be separated. This is done by combining the hole burning technique together with the Stark effect during the structure preparation process. The sketch of a step by step absorption profile is shown in Fig. S1 , where the red color represents the ions with a negative sign of their Stark coefficient while the blue color represents the ions with a positive sign of their Stark coefficient relative to the E field. An external voltage of 88 V was applied prior to any preparation, shifting the blue ions 16 MHz and the red ones −16 MHz, the absorption profile of the interested frequency range is shown in Fig. S1 (a) . Then an 18 MHz wide hole was prepared using the optical pumping scheme described in our previous paper [S1, S2]. The resulting absorption profile is shown in Fig. S1 (b) . The external field was switched off, the ions will shift back to their original position, left two 'half holes' at 0 MHz and −32 MHz, shown in Fig.  S1 (c) , so that at the region of 0 ± 9 MHz only the ions with a positive sign of their Stark shift exist. Lastly, the laser frequency was scanned ±500 kHz around 0 MHz. In the end, a ∼1 MHz narrow hole was created with the surrounding ions within 18 MHz having the same sign of their Stark coefficient was created. This is the frequency shifter (frequency shift filter) and it is shown as the structure around 0 MHz in Fig. S1 (d) . When an external voltage applied, the frequency shift of the ∼1 MHz hole will be proportional to the E field.
B. E field
Two sets of electrodes were directly deposited onto the top and bottom surfaces of the crystal with a 0.5 mm gap in between the two sets of electrodes as shown in Fig. S2  (a) . Because of the two pairs of electrodes separated by a gap on each of the two surfaces, the E field in the crystal will be nonuniform when an external voltage is applied across the crystal. Hence the amount of Stark shift will be slightly different for ions in different spatial positions. The E field along the light propagation path is shown in Fig. S2 (b) about 0.2% inhomogeneity is shown in the center of the crystal along the light propagation path, it becomes more nonuniform when away from the center. The light propagation was close to the center in the experiment to get a better uniformity of the E field. The electric field along the light propagation axis at the center of the crystal (red), 1 mm away (green) and 2 mm away (blue) from the center. As can be seen there is a spatial field inhomogeneity which is especially pronouns when close to the electrode surfaces.
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